The betweenness structure of a finite metric space
Introduction
The aim of this paper is to give a characterization of the so-called uniquely representable graphs, a special class of graphs with interesting metric properties (Theorem 1). This characterization also turns out to be a generalization of a result of Dress ([9] , here Proposition 1) and, in the same time, a new metric characterization of block graphs.
A finite metric space is a pair M = (X, d) where X is a finite nonempty set and d is a metric on X, i.e. an X × X → R function which satisfies following conditions for all x, y, z ∈ X: The non-negativity of metric follows from the definition. We will refer to the base set and the metric of a metric space M by X(M) and d M , respectively. All metric spaces in this paper will be assumed to be finite (|X(M)| ≤ ∞) if not stated otherwise, although, some of the presented results may be easily generalized to the infinite case as well. The (metric) subspace of M induced by the nonempty subset Y ⊆ X is the metric space M| Y = (Y, d| Y ×Y ).
Metric space is one of the most successful concepts of mathematics, with various applications in several fields including -among others-computer science, quantitative geometry, topology, molecular chemistry and phylogenetics. Although finite metric spaces are trivial objects from a topological point of view, they have surprisingly complex combinatorial properties, which were investigated from different perspectives over the last fifty years.
Metric properties of trees were studied by Buneman ([6] ), who introduced the famous four point condition. That work was extended by Dress et al. who studied both algorithmic and combinatorial aspects of phylogenetic trees and split decompositions of finite metric spaces [3, 10] . Mascioni studied the combinatorics of equilateral triangles and introduced a novel definition of Ramsey numbers in finite metric spaces [14] . Another problem of the field that has gained a lot of attention lately is the generalization of the de BruijnErdős theorem to finite metric spaces, originally conjectured by Chen and Chvátal in [7] . The conjecture is wide open today, but it has already been proved for some important classes of metric spaces [1, 5, 8, 12] .
In order to capture the combinatorial features of metric spaces that are relevant to us, we introduce the following abstraction. A betweenness structure is a pair B = (X, β) where X is a nonempty finite set and β ⊆ X 3 is a ternary relation called the relation of betweenness of B. We will also denote the base set and the betweenness relation of B by X(B) and β B , respectively. The fact (x, y, z) ∈ β will be denoted by (x y z) B or simply by (x y z) if B is clear from the context. Further, if (x y z) holds, we say that x, y and z are collinear and y is between x and z in B. The substructure of B induced by a nonempty subset Y ⊆ X is the betweenness structure
. There is a natural way to associate a betweennes structure with a metric space. The betweenness structure induced by a metric space
To simplify notations, we will write (x y z) M instead of (x y z) B(M ) .
We state our results in the abstract framework of betweenness structures. We believe, this makes our arguments clearer and easier to understand, as we are only interested in the combinatorial properties of the betweenness relation of metric spaces. We will only resort to using metrics at low-level parts of the proofs to translate between weighted graphs and betweenness structures.
The betweenness structure B is said to be metrizable if it is induced by some metric space M = (X, d). The betweenness relation of a metrizable betweenness structure is symmetric and contains the trivial betweennesses of the form (x x z) for all x, z ∈ X. Further, it satisfies trichotomy: for all three distinct points x, y, z ∈ X, at most one of the relations (x y z), (y z x) and (z x y) can be true. In the rest of the paper, every betweenness structure will be assumed to be metrizable if not stated otherwise. By graph we will always mean a simple graph.
Let G = (V, E) be a connected graph. The metric space induced by G is
is the length of the shortest path between u and v in G. The betweenness structure induced by G is the betweenness structure induced by M(G), also denoted by B(G). Note that (x y z) B(G) holds if and only if y is on a shortest path connecting x and z in G. A betweenness structure (or metric space) is
• graphic if it is induced by a graph;
• ordered if it is induced by a path.
We remark that betweenness structures are usually not graphic. We will denote the ordered betweenness structure induced by the path P = x 1 x 2 . . . x n by [x 1 , x 2 , . . . , x n ]. If the triangle inequality holds with equality for three points of a metric space, then those points induce an ordered subspace. This fact can be generalized as follows. 
The adjacency graph of a betweenness structure B is the graph G(B) = (X, E) where the edges are such pairs of distinct points for which no third point lies between them (see Figure 1 ), or more formally,
These edges are also called primitive pairs in the related literature. The adjacency graph of a metric space M is G(M) = G(B(M)). We can make the following observations about the adjacency graph.
Observation 2 The adjacency graph of a betweenness structure is connected.

Observation 3 For every connected graph G, G(B(G))) = G. Further, for every betweenness structure B, B(G(B)) = B if and only if B is graphic.
The adjacency graph gives the primary connection between metric spaces and graph theory, therefore, it is highly desirable to better understand this relationship.
We say that a betweenness structure B is a representation of a connected graph G if G is the adjacency graph of B. It follows from Observation 3 that B(G) is always a representation of G.
Definition 1 A connected graph G is called uniquely representable if B(G)
is the only representation of G. Finally, a connected graph is a block graph if every cycle in it induces a complete subgraph (see Figure 2) .
The next theorem is our main result. It will be proved in Section 3.
Theorem 1 (Main Result) A connected graph is uniquely representable if and only if it is a block graph.
Our motivation for characterizing uniquely representable graphs is twofolded. On one hand, we wanted to have a better understanding on the relationship of betweenness structures and their adjacency graphs. On the other hand, we observed that under certain conditions, a betweenness structure can be fully reconstructed from its adjacency graph. For example, an interesting remark of Dress from [9] implies that trees are uniquely representable.
Proposition 1 (Dress [9] ) Let B be a betweenness structure such that G(B) = T is a tree. Then B is induced by T .
We have found Proposition 1 to be a very useful tool in many situations; for example, we have obtained a new proof to the main result of [15] with the help of it. This leads to our second motivation: to find a generalization of Proposition 1 that is applicable to an even larger set of problems. One way to do this is by characterizing uniquely representable graphs.
Observe that Theorem 1 also gives a purely metric characterization of block graphs. Other known such characterizations were given in [11] and [13] . In order to state these results, we introduce the following definitions. A connected graph G = (V, E) is
• weakly geodetic if for every pair of vertices u, v ∈ V such that d G (u, v) = 2, there is exactly one shortest path between u and v;
• ptolemaic if for all vertices u, v, x, y ∈ V ,
Figure 3: The "diamond"
• satisfies the four point condition if for all vertices u, v, x, y ∈ V ,
Theorem 2 (Kay, Chartrand [13]) A connected graph is a block graph if and only if it is weakly geodetic and ptolemaic.
Theorem 3 (Howorka [11]) A connected graph is a block graph if and only if it satisfies the four point condition.
Block graphs have been also characterized in terms of forbidden induced subgraphs. The "diamond" graph can be seen on Figure 3 ).
Theorem 4 (Bandelt [2]) The block graph are exactly the diamond-free chordal graphs.
These results along with Theorem 1 can be summarized as follows.
Corollary 1 Let G be a connected graph. Then the following statements are equivalent:
• G is a block graph;
• G satisfies the four point condition;
• G is weakly geodetic and ptolemaic;
• G is diamond-free and chordal;
• G is uniquely representable.
Preparations
In this section, we further extend our framework of betweenness structures with some definitions about weighted graphs.
A weighted graph is a triple W = (V, E, ω) where G = (V, E) is a graph and ω is a real-valued function on the set of edges, also called the weighting of W . We will also denote V , E, G and ω by V (W ), E(W ), G(W ) and ω W , respectively. Additionally, we will always suppose that G(W ) is connected and all the weights are positive. These conditions guarantee that the "weighted graph metric" induced by W is a proper metric. We note that every connected graph G = (V, E) can be regarded as a weighted graph W (G), with weighting ω G = 1 E (where 1 A denotes the indicator function of the subset A ⊆ E). Thus, every definition for weighted graphs can be naturally applied to connected graphs as well.
Let W = (V, E, ω) be a weighted graph and x, y ∈ V . An x-y walk in W is a walk v 0 e 1 v 1 e 2 . . . e ℓ v ℓ in G(W ) where v 0 = x and v ℓ = y. Let P be an x-y walk in W as above. The length of P is |P | = ℓ and the weight of P is ω(P ) = i∈ [ℓ] ω(e i ). Note that the length and weight of walks coincide in graphs. We say that P is an x-y geodesic if it is an x-y walk of minimum weight. Notice that there always exists an x-y geodesic for any x, y ∈ V . Further, every x-y geodesic is cycle-free (i.e. it does not meet a vertex twice), and has a positive weight if and only if x = y.
The metric space induced by the weighted graph
is the weight of any u-v geodesics in W . Because our assumptions on weighted graphs, d W is a metric called the weighted graph metric of W . The betweenness structure induced by W is the betweenness structure induced by M(W ), also denoted by B(W ). For simplicity, we will write (x y z) W instead of (x y z) B(W ) . We remark that these definitions are compatible with the corresponding definitions for graphs introduced earlier. Also note that every (finite) metric space M = (X, d) is induced by some weighted graph W . For example, take d as the weighting on a complete graph on X. It can also be proved that the adjacency graph is the smallest graph that can induce the metric space with an appropriate weighting.
The betweenness relation of a weighted graph can be described in terms of geodesics as follows.
Observation 4 Let W be a weighted graph. Then (x y z) W holds if and only if y is on an x-z geodesic of W .
The weighted graph Z is a weighted subgraph of W (Z ≤ W ) if G(Z) ≤ G(W ) and ω Z = ω W | E(Z) . The weighted subgraph of W induced by U ⊆ V is the uniquely determined weighted subgraph W [U] ≤ W for which
We remark that the isometricity of Z ≤ W is equivalent to the following conditions:
• every geodesic of Z is a geodesic of W ;
• B(Z) is a substructure of B(W );
An edge e = {x, y} of the weighted graph W = (V, E, ω) is tight if e is the unique x-y geodesic in W , i.e. every x-y geodesic is of length 1. A weighted graph is tight if all of its edges are tight.
The following proposition is quite useful in proving tightness of a weighted graph.
Proposition 2 A weighted graph W is tight if and only if G(W ) = G(B(W )).
Proof. Suppose first that W = (V, E, ω) is tight. Observe that G(B(W )) ≤ G(W ) is always true since every point y on an x-z geodesic of W satisfies (x y z) B(W ) . Thus, it suffices to show that G(W ) ≤ G(B(W )). Let e = {x, z} be an edge of G(W ). If e / ∈ E(B(W )), then there exists an
. But then, we would get an x-z geodesic by concatenating the x-y and y-z geodesics, which is clearly of length at least 2 contradicting the tightness of W . Now, suppose that G(W ) = G(B(W )) and let e = {x, z} be an edge of G(W ). If e is not tight, then there exists an x-z geodesic of length at least 2. Let y be an intermediate vertex of that geodesic. Now, (x y z) B(W ) holds, hence, e / ∈ E(B(W )) = E(W ) in contradiction with our initial assumption. Therefore, every edge of W is tight.
Proof of Theorem 1
In this section we prove Theorem 1. Let G = (V, E) be a fixed connected graph.
Step 1. First, we prove that if G is a block graph, then G is uniquely representable. Let B be a betweenness structure on V such that G(B) = G. It is enough to show that B = B(G), i.e. for all x, y, z ∈ V , (x y z) G if and only if (x y z) B . The following is a well-known property of block graphs.
Observation 5 Let T be a block graph and x, y be two vertices of T . Then there is exactly one induced path that connects x and y in T .
The unique induced x-y path guaranteed by Observation 5 will be denoted by P T xy .
Lemma 1 Let B be a betweenness structure on X, and let x, y, z ∈ X such that (x y z) B holds. Then y is on an induced x-z path in G(B).
Proof. Let Y = {y 1 , y 2 , ..., y ℓ } be a maximal subset of X such that x, y, z ∈ Y and
It is easy to see that G
′ is the path y 1 y 2 . . . y ℓ and that B ′ is induced by G ′ , from which (x y z) G ′ follows. This means that y is on the unique subpath P G ′ xz that connects x and z in G ′ . Now, it suffices to prove that G ′ and hence P G ′ xz , is an induced subgraph of G.
It is obvious that
, otherwise there would exist a point w ∈ X such that (y i w y i+1 ) B for some 1 ≤ i ≤ ℓ − 1, but then Observation 1 would imply that Y ∪ {w} is ordered, in contradiction with the maximality of B ′ . Hence,
is an induced path in G.
Corollary 2 Let B be a betweenness structure such that G(B) is a block graph. Then (x y z) B implies y ∈ V (P G(B) xz
).
First, suppose that (x y z) B holds. Now, by Corollary 2, y ∈ P 
Step 2. In the second part of the proof, we show that if G is not a block graph, then G cannot be uniquely representable, i.e. there exists a betweenness structure B such that G(B) = G but B = B(G). Notice that it is enough to show a tight weighted graph W such that G(W ) = G but B(W ) = B(G). Namely, if we set B = B(W ), then B = B(G) and G(B) = G(B(W )) = G(W ) = G by Proposition 2, which completes the proof.
Below, we split the proof into cases and define W in each case separately. We will use the following consequence of Observation 4 to prove that B(W ) = B(G). 
H is an isometric subgraph of G but B(Z) = B(H).
Now, suppose that G is not a block graph. From Theorem 4 follows that G contains either a diamond or a cycle of length at least 4 as an induced subgraph. Case 1. G contains an induced cycle C of length ℓ ≥ 4.
′ be a fixed edge of C and W be a weighted graph such that G(W ) = G and
Proof. First, we show that every edge of W is tight. Let e = {x, y} be an edge of W and let P be an x-y walk such that |P | ≥ 2. We have to show that P cannot be a geodesic. As ω W is bounded below by 1,
because C was an induced cycle. Now, as P contains one edge from outside of C ′ and at least one more edge, ω W (P ) ≥ N + 2 > N + 1 = ω W (e) and we are done. If e is an edge of C ′ different from e ′ , then ω W (P ) ≥ 2 > 1 = ω W (e) and we are done again. Finally, if e = e ′ , then either P contains an edge which is not on C ′ or P is a walk in C ′ . In the former case, ω W (P ) ≥ N + 2 > 2 = ω W (e), while in the latter case P is the uniquely determined x-y walk in C ′ that avoids e ′ , hence,
Second, we prove that C ′ is an isometric weighted subgraph of W , i.e. for all
, and P W and P C ′ be x-z geodesics in W and C ′ , respectively. If P W is a walk in C ′ , then obviously ω W (P W ) = ω W (P C ′ ) and we are done. Otherwise, since C was an induced subgraph, P W must contain an internal vertex y outside of V (C) and hence ω W (P W ) ≥ 2(N + 1) > ℓ 2 + 1 ≥ ω W (P C ′ ), given that only one edge of C ′ has the increased weight 2. This completes the proof, as obviously
There are two cases depending on whether C is an isometric weighted subgraph of W . • If C is even, then let u = x, v = y and w be the vertex opposite to x on C (see Figure 4a) . Now, clearly
• If C is odd, then let u = x, v be the vertex opposite to e ′ on C, and w be the neighbor of v that is closer to y on C (see Figure 4b) . It is easy to see that (u v w)
Case 2. G contains an induced diamond H.
Lemma 2 For any edge e ′ ∈ E, the weighted graph
Proof. Let e ′ = {x, y}. It is clear that e ′ is the only x-y geodetic in G and any other x-y walk is of weight at least 2. Therefore, when we increase the weight of e ′ by 1/2, e ′ remains tight. The other edges of G e ′ are tight, too, as the weights of walks can only increase as we transition from G to G e ′ . Let x, y, z, w be the vertices of H such that {y, w} / ∈ E(H), and let e ′ = {x, y} ∈ E(H). We now apply Lemma 2 to G to obtain the tight weighted graph G e ′ . Set W = G e ′ and let Z be the weighted subgraph of W which satisfies G(Z) = H. First, note that both H ≤ G and Z ≤ W are isometric. It is also easy to see that B(H) = B(Z) as (x y z) H but not (x y z) Z . Now, Point 2 of Observation 6 yields B(W ) = B(G), which completes the proof.
Conclusion
Motivated by our observations on finite metric spaces, we have introduced uniquely representable graphs, a class of graphs with interesting metric properties. Then, we have characterized uniquely representable graphs in Theorem 1. We have also discussed how Theorem 1 connects to related works, such as Proposition 1 by Dress and existing metric characterizations of block graphs.
Lastly, we would like to mention some open problems on graph representability that can be subject to future research. By definition, uniquely representable graphs have the minimum number of representations. We are also interested in the other extreme, i.e., what is the maximum number of representations that a connected graph of order n can have, and what are the extremal graphs. We conjecture the following.
Conjecture 1 The number of representations of a graph on n vertices is maximized by the balanced complete bipartite graph.
Note that the balanced complete bipartite graph on n vertices have at least 2 ⌊ n 2 ⌋⌈ n 2 ⌉−n+1 representations. Namely, fix one-one vertex in both partition classes and fix the weight of the edges adjacent to these vertices to 1. Choose weight from the set {1, 2} for any other edges. It can be easily seen that the weighted graphs obtained in this way induce distinct betweenness structures.
We say that a betweenness structure B = (X, β) is an extension of the betweenness structure B ′ = (X, β ′ ) (B B ′ ) if β ⊇ β ′ (the reversed direction of ' ' is intentional, as we want the betweenness structure induced by the trivial pseudometric to be the smallest element with respect to this partial ordering). Now, the definition of uniquely representable graphs can be extended in the following ways. A connected graph G bounds its representations from below if for every betweenness structure B with adjacency graph G, B(G) B.
Analogously, G bounds its representations from above if for every betweenness structure B with adjacency graph G, B(G) B. Up to our best knowledge, these classes of graphs were not investigated before. By characterizing them, we hope to further generalize Theorem 1 and gain new insights on well-established graph classes. Finally, we conjecture the following.
Conjecture 2 A connected graph bounds its representations from above if and only if it is uniquely representable.
